Abstract| This work studies the degree to which the kinematic redundancy of a manipulator may be utilized for failure tolerance. A redundant manipulator is considered to be fault tolerant with respect to a given task if it is guaranteed to be capable of performing the task after any one of its joints has failed and is locked in place. A method is developed for determining the necessary constraints which insure the failure tolerance of a kinematically redundant manipulator with respect to a given critical task. This method is based on estimating the bounding boxes enclosing the self-motion manifolds for a given set of critical task points. The intersection of these bounding boxes provides a set of arti cial joint limits that may guarantee the reachability of the task points after a joint failure. An algorithm for dealing with the special case of 2D self-motion surfaces is presented. These techniques are illustrated on a PUMA 560 that is used for a three-dimensional Cartesian positioning task.
I. Introduction
Kinematically redundant manipulators have been proposed for use in the cleanup and remediation of nuclear and hazardous materials, as well as for remote applications such as space or sea exploration 1, 2] . In these applications repairing broken actuators and sensors is impossible and the probability of their failure is increased due to the harsh operating environment 3, 4, 5] . The redundant degrees of freedom may or may not also be equipped with redundant actuators 6]. The extra degrees of freedom (DOF) of a redundant manipulator may be used to compensate for a failed joint if the manipulator has been properly designed and controlled. The most basic task of a manipulator, i.e., the positioning and/or orienting of the end-e ector in the workspace, is described by the forward kinematic equation x = f( ); (1) where x 2 R m is the generalized vector of the position and/or orientation of the end-e ector and 2 R n is the vector of joint variables. In this framework, point-to-point tasks can be described by a series of end-e ector positions and/or orientations to be obtained at desired times, i.e., x(t i ), with an inverse kinematic function = f ?1 (x); (2) being used to determine the corresponding required joint values, (t i ). A kinematically redundant manipulator can, in general, satisfy an end-e ector positioning and/or orienting task, x(t i ), with an in nite family of joint values satisfying (1) . The underlying premise for advocating the use of redundant manipulators for critical applications is that if a joint should fail, then the redundancy of the manipulator may still permit completion of the task. In this work, it is assumed that failed joints are locked in a known position. The immobilization of a joint may be directly due to the failure itself, the indirect result of a very high gear ratio on an actuator that has lost power, or due to brakes that have been applied by failure detection software 7] (e.g., Robotics Research Corporation manipulator). If failed joints are locked individually then a single joint failure reduces the number of degrees of freedom of the system by one. The new inverse kinematic function f ?1 di ers markedly from the original one, and the resulting system may or may not be capable of completing the given task x(t i ).
In 8] a method is described for designing manipulators to be fault tolerant with regard to a given point-topoint task. The authors assume that any joint may fail anywhere within its entire range of motion. A manipulator is said to be fault tolerant with respect to a given set of task points x(t i ) only if there exist solutions to (1) for every possible failure in all joint con gurations. With this assumption, the worst case typically occurs when a failing joint is folded in on itself. In contrast, the approach presented here achieves failure tolerance by imposing constraints on the motion of all joints prior to a failure. By judiciously selecting speci c solutions which satisfy these constraints from the family of solutions to (1), the worst case need not occur. Thus failure tolerance may be achieved with less complex manipulator designs and for manipulators not originally designed with failure tolerance in mind.
A somewhat di erent, but related, measure of failure tolerance for redundant manipulators was presented in 9]. The focus of this work was to guarantee a maximum amount of dexterity in the vicinity of a failure by controlling the con guration of the robot in anticipation of a failure. This type of failure tolerance is particularly suited for tasks described by a desired end-e ector velocity as opposed to those described by discrete positions and/or orientations. At the velocity level, the kinematic equations relating the joint rates _ to the end-e ector's velocity _ x are given by _ x = J _
where J 2 R m n is the manipulator Jacobian matrix which is a function of the manipulator's con guration.
The solution for all joint rates that satisfy the desired ende ector velocity can be represented by
where + indicates the pseudoinverse, (I ?J + J) is the projection onto the null space, and z represents an arbitrary vector in the joint velocity space 10]. The second term in this equation indicates that there is a family of joint trajectories that satisfy (3). However, unlike the kinematic function f relating the joint values to the end-e ector's position and/or orientations, the Jacobian for the failed system is easily derived from the original system's Jacobian by zeroing the column of the failed joint. Using this fact 9] develops an inverse kinematic function which insures that the manipulator will have the maximum amount of local dexterity after an arbitrary joint failure. The measure of dexterity in this case is de ned as the smallest singular value of the Jacobian, m , so that a local kinematic failure tolerance measure, kfm, is given by kfm( ) = min i=1 to n m ( i J)
where i J is the manipulator Jacobian matrix for the system with its i'th joint locked. It is important to note that since the units of the manipulator Jacobian are not homogeneous an appropriate scaling of the rows associated with the linear components must be performed before this measure is meaningful 11] 12]. The value of kfm is a worstcase measure of how much the non-failed joints must increase their velocity in order to compensate for the loss of end-e ector velocity due to the failed joint. A larger value of kfm will require smaller discontinuous increases in the operating joints, thus resulting in smaller transients in the end-e ector tracking error. Unfortunately, this measure is inherently local in nature and can not guarantee that the complete trajectory remains feasible after the failure. To address this more global issue, this article discusses techniques for determining constraints on each joint's motion which guarantee the failure tolerance of the entire task. The constraints determined by this method are upper and lower bounds on the range of motion for each joint and thus will only a ect the motion of the manipulator when it is operating near these software joint limits. Therefore, it is still possible to utilize the redundancy to maximize the remaining local dexterity after a joint failure by maximizing kfm 9]. An inverse kinematic solution that optimizes kfm under the constraint of maintaining the speci ed software joint limits is thus able to guarantee that the desired task can be completed, as well as minimize the transient e ects of the joint failure. The remainder of this article is organized as follows. First, a method for analyzing the fault tolerance of a given position and/or orientation in the workspace is discussed. Second, the constraints necessary to guarantee fault tolerance for a single task point are described. Then, a method for determining the constraints necessary to guarantee the fault tolerance of the manipulator with respect to the given task described by a sequence of critical points is outlined. Finally, these techniques are illustrated using a PUMA 560 manipulator to perform a three-dimensional Cartesian positioning task.
II. Surfaces of Self-Motion
For a kinematically redundant manipulator the family of joint con gurations satisfying (1) forms an (n ? m)-dimensional hyper-surface in the n-dimensional con guration space of the manipulator 13, 14] . Joint motion constrained to this hyper-surface does not a ect the position and/or orientation of the end-e ector so that these hyper-surfaces are frequently referred to as self-motion manifolds. The null space of the manipulator's Jacobian given by the set of vectors satisfying (3) with _ x = 0 de nes the tangent hyperplane to the self-motion manifold.
As a simple example, consider the 3 DOF planar manipulator shown in Fig. 1 for which the self-motion manifolds are one-dimensional curves. For this manipulator a projection of the self-motion curves onto the ( 2 , 3 ) plane is shown in Fig. 2 . Each curve represents the family of joint variable combinations which place the end-e ector at a constant radius from the base. From the gure, one can see that some regions of the workspace have larger self-motion manifolds than others. For instance, consider the points corresponding to the reach singularity which occur when the arm is fully extended and the end-e ector is at the boundary of its workspace. Each of these points is reachable in only a single joint con guration which corresponds to the self-motion manifold also being a point. Obviously, a workspace boundary point may not be reachable after any joint failure unless the failure occurs with the end-e ector at that point. In contrast, the workspace points exactly one link length from the base have self- Fig. 1 . A three degree-of-freedom planar manipulator with equal link lengths is shown with the curves in the workspace having maximum and minimum failure tolerance capabilities. The points A; B, and C are representativetask space points that are analyzed for their global failure tolerance properties. Indicates software joint limits based on intersection of self-motion bounding boxes Fig. 2 . The set of joint con gurations that keep the manipulator's end-e ector at a single 2D position form curves in the con guration space of the manipulator. The curves shown are the self-motion curves for the 3 link planar manipulator depicted in Fig. 1 . The self-motion curves for some regions of the workspace are markedly larger than others. Points with large self-motion curves tend to be more failure tolerant.
motion manifolds which span the entire range of joint values for all three joints. In this unique case the failed manipulator will always be able to reach the entire set of points one link length from the base regardless of which joint fails, or the con guration in which it fails. This family of points is in fact the single joint failure tolerant workspace for this manipulator. A critical task consisting of points which lie solely in this family may be completed regardless of any single failure.
It is now possible to state a key point of this article. To guarantee that a manipulator is capable of returning to a critical workspace position and/or orientation x(t i ), the motion range for each of the n joints must be constrained to lie within the range spanned by the selfmotion manifold associated with that position and/or orientation. The minimum and maximum joint values of the ith joint, denoted imin and imax , respectively, can be determined from the minimum and maximum values of i over the entire self-motion manifold. This e ectively superscribes an n-dimensional bounding box aligned with the joint axes around the self-motion manifold. It is important to note that these joint restrictions are implemented as simple software joint limits and that after a joint failure they can be removed. The size of the self-motion manifold bounding box is a measure of the inherent failure tolerance of the workspace position and/or orientation for which it was computed. If the manipulator fails while operating within the bounding box of a given desired end-e ector position and/or orientation x , then it will always be able to position and/or orient its end-e ector at x regardless of where the end-e ector is when the failure occurs.
As a speci c example, consider again the 3 DOF manipulator for which the bounding boxes associated with the self-motion surfaces for the three workspace points labeled A, B, and C in Fig. 1 have been drawn in Fig. 2 . Note that although 1 and its associated boundaries are not shown, they also need to be considered. If we want to guarantee that task point A is reachable after any single joint failure, the joint values must be restricted to the range of the bounding box for A's associated self-motion manifold. Now, if in addition we want to guarantee that task point B is reachable after any single joint failure, the joint values must be further restricted to B's bounding box (which is the intersection of boxes A and B). Note that by doing so we have restricted allowable con gurations for being at task point A to only those inside of B's bounding box. This family of con gurations is represented by the two small curves at the upper right and lower left corners of B's bounding box in Fig. 2 . Notice that if the manipulator is in a con guration near the center of bounding box B when a joint failure occurs, then the arti cial joint restrictions must be released for the manipulator to reach task point A. Finally, consider trying to add task point C to this scenario. The intersection of the three bounding boxes is indicated with a bold line in Fig. 2 . By design if a joint fails while operating in this region then by relaxing these arti cial joint limits, the manipulator can reach all three task points. However, with these arti cial joint restrictions in place, the family of con gurations for point A has been reduced to only the curve in the upper right corner of the bold box. The family of con gurations for point B has been reduced to a single point at the lower left corner of the bold box. Unfortunately, none of task point C's self-motion manifold lies within the bold box and therefore it is unreachable with these arti cial constraints in place.
Constraining the motion of a manipulator's joints prior to a failure will, in general, render a signi cant portion of the original workspace unreachable. However, these joint restrictions are crucial for eliminating the possibility of a joint failing in a catastrophic con guration, i.e., one which precludes reaching a critical workspace position and/or orientation. Thus, while it may appear counterintuitive, imposing appropriate software joint limits prior to a failure can actually increase the size of the workspace that can be guaranteed reachable after an arbitrary failure. Fig. 3 illustrates this point using the simple 3 DOF manipulator from Fig. 1 . Evaluating the resulting workspaces after all possible joint failures and intersecting these regions with the original constrained workspace results in the guaranteed failure tolerant workspace. This represents the portion of the workspace in which any path can be tracked both before and after any joint failure. Thus the penalty for requiring failure tolerance is an approximately 60% reduction in the workspace. Note that the original unconstrained failure tolerant workspace in Fig. 1 consisted of only a circle having a one link length radius.
III. Joint Constraints to Guarantee Fault Tolerance
As was indicated in the previous section, a workspace position and/or orientation, x , may be guaranteed to be reachable regardless of joint failures if the manipulator is constrained to operate within the associated self-motion manifold's bounding box. This is evident since regardless of which joint fails, by de nition, there must exist at least one alternative con guration on the self-motion manifold associated with x that corresponds to the joint value at which the joint failed. Therefore, the problem of maintaining the fault tolerance of a given critical position and/or orientation reduces to that of maintainingjoint limits speci ed by the bounding box of the self-motion manifold for that position and/or orientation. An e ective technique for avoiding joint limits is to use (4) and select z to result in motion away from the joint limits 10], 14]. The vector z may be computed by combining smooth functions so that this term only a ects the manipulator's motion when it is near the joint limit 15].
For fault tolerance it is advantageous to locate critical task points in positions and/or orientations where the selfmotion manifold bounds are large. One example of designing around a critical task point is that of a mobile robotic platform for disposing of unexploded ordinance. In this case the depository for the explosives would be the critical task point to be located on the platform. Such critical points should not generally be placed near the manipulator workspace boundaries since joint failures will render θ 1 θ 2 θ 3 Fig. 3 . Restrictingthe range of motion of each joint yields a reduced workspace. However, restrictions can eliminate the possibility that a joint will fail in a con guration where the partially failed system is unable to reach critical regions of the workspace. The workspace of the 3 DOF planar manipulator described in Fig. 1 is shown in the upper left. The workspace that remains reachable to the system under the joint limit constraints indicated is shown in the upper right. The central gures depict the regions guaranteed to be reachable regardless of where within the restricted range each joint fails. The combined intersection of the restricted workspace and each of the three failure reachable regions is the failure tolerant workspace. The bottom gure indicates the failure tolerant workspace for this manipulator with these constraints. such regions unreachable.
Although computationally intensive, the chore of measuring the size of the self-motion manifolds throughout the workspace can be performed o -line. It was also shown that imposing constraints on the range of motion of each joint prior to a failure can result in entire regions of the workspace that are failure tolerant. However, determining adequate constraints and the resulting fault tolerant workspace for a general redundant manipulator is computationally di cult. Fortunately, insuring the failure tolerance of a speci c task is more tractable. To insure that a speci c task de ned by a sequence of points may be performed regardless of joint failures, each point is analyzed, the associated range of its self-motion surface determined, and then the intersection of the ranges over all points is determined in order to identify the required joint constraints. Then, as was pointed out in the example illustrated with Fig. 1 and Fig. 2 , it must be veri ed that the manipulator is able to reach each critical point while maintaining the constraints. Once this is done, then simply imposing the resulting constraints allows the manipulator to execute the task in a fault tolerant manner.
In summary, the following procedure is used to guarantee the failure tolerance of a redundant manipulator with respect to critical tasks. First, the workspace is analyzed to nd regions having large self-motion manifolds. Second, critical tasks are placed in these regions of the workspace. Third, the bounding boxes for the self-motion surfaces associated with each critical position and/or orientation are determined. Fourth, the intersection of the bounding boxes is calculated to determine the required constraints. Fifth, each critical workspace point is checked to determine if the manipulator is capable of positioning and/or orienting its end-e ector at the desired position and/or orientation while maintaining the constraints imposed by the intersection of all bounding boxes. Finally, (4) is used with a combination of joint limit avoidance and kfm optimization to insure both the reachability of all speci ed task points and maximum dexterity in the vicinity of the failure.
IV. Estimating Self-Motion Manifolds
It has been shown that the global fault tolerance associated with a position and/or orientation in the workspace is characterized by the self-motion manifold of the manipulator when its end-e ector is at that position and/or orientation. Several iterative methods exist in the literature for characterizing one-dimensional self-motion curves 13, 16, 17, 18] . For a two-dimensional self-motion surface, a simple and e ective method for estimating the bounds of the self-motion surface is to iteratively trace out a linearly increasing spiral on the self-motion surface. Keeping track of the values obtained by each joint along the spiral provides an estimate of the bounding box containing the self-motion surface. A 2D non-escaping spiral parameterized by the polar coordinates and r, depicted in Fig. 4 , has the form _ = v r r = (6) where v is the speed along the spiral and controls the distance between successive rotations. Since this particular spiral passes within a controlled distance from every point in the plane, when it is transformed onto the selfmotion surface it will tend to ll the surface. An iterative transformation procedure from parameter to con guration space is given by _ = sin( )v n?1 + cos( )v n + J + (x ? x)
wherev n?1 andv n are orthogonal unit vectors that span the null space of the manipulator's Jacobian evaluated at the current con guration. The vectorsv n andv n?1 can be computed as the singular vectors from the singular value decomposition of J. Sincev n?1 andv n are not unique, one must be careful to insure that the vectors chosen are the ones nearest to those of the previous iteration. For example, if the current singular vectors are represented byv n?1 andv n then once (7) is evaluated and used to update the manipulator con guration, the new Jacobian will in general have di erent singular vectorsv 0 n?1 and v 0 n . To accurately re ect the continuous rotation of these two vectors as the tangent plane rotates, one can use the following set of equationŝ 
andŵ 1 andŵ 2 are any unit vectors that span the new null space. Note that the sign should be examined to select the smallest resulting rotation. An ideal algorithm for computing the SVD that automatically calculates the continuous rotation of the null space is presented in 19] . An illustration of this technique for mapping out a twodimensional self-motion surface is presented in Fig. 5 . This gure shows a three-dimensional projection of the ve-dimensional con guration space for a PUMA used in three-dimensional Cartesian positioning tasks.
For systems with more than two degrees of redundancy, an estimate of the size of the self-motion manifold may be obtained using a Jacobian iteration of the form _ = (I ? J + J)ê i + J + (x ? x) (10) whereê i is a unit vector along the ith joint axis and the error term x ?x is the di erence between the desired ende ector position and/or orientation and its actual position and/or orientation. In practice, the rst term provides motion along the self-motion manifold until the tangent hyperplane of the self-motion manifold becomes orthogonal to the joint axis directionê i , while the second term eliminates errors that could have accumulated during the iterative procedure 17]. Since this technique is e ectively 5 . For a three-dimensional Cartesian positioning task the PUMA has two redundant degrees of freedom. Therefore it has the freedom to move its joints while holding the position of its end-e ector stationary. The spiral gives an indication of the twodimensional surface embedded in the ve-dimensional con guration space that describes how the rst ve joints of a PUMA can be moved without changing the three-dimensional Cartesian position of the end-e ector. a local optimization, it is subject to being trapped by local extrema and may provide sub-optimal estimates of a bounding box. On the other hand, these two methods guarantee that the computed bounding box does not contain disjoint manifolds.
V. An Example Using a PUMA To demonstrate the concepts outlined above, a failure tolerance analysis was performed on a PUMA 560 manipulator for an example 3D Cartesian positioning task. The Denavit and Hartenberg parameters for the system are given in Table I . Since the sixth joint of the PUMA only rotates the end-e ector and does not change its Cartesian position, the manipulator has nominally two redundant degrees of freedom with respect to the task space. Note that this is only true for tool points that are collinear with the sixth joint axis.
A simple Cartesian positioning task de ned by ve points was chosen as an illustrative example (see Fig. 6 ). Following the basic design procedure outlined in the previous section, the task was rst optimally positioned within the workspace. In general, one would perform a search over the entire workspace, however, for this example the search for the optimal task placement was constrained since the box was required to rest on a table in front of the PUMA. This required that the point P1 be at a height of 0:5 meters. We decided to optimally locate the point P1 since it was the closest task point to the centroid of all task points. Alternatively, one could optimize a measure that consisted of the weighted sum of the size of the self-motion surfaces over all task points. In our case the size of the self-motion manifold is independent of the rst joint angle so the search for the optimal task placement Positioning a critical task in regions having a high degree of failure tolerance insures that the task can be executed regardless of joint failures. In this example the optimal Cartesian position of task point P1 is determined by calculating the volume of the self-motion surface bounding box as a function of the distance from the PUMA's rst joint axis. This is a one-dimensional optimization since the height of point P1 is constrained to be 0.5 meters and the volumes are independent of the rst joint axis as long as joint limits are not reached. The discontinuities in this function are expected due to changes in the topology of the self-motion manifolds.
was only a function of the distance from the rst joint axis. A plot of the volume of the self-motion manifold bounding boxes as a function of the distance between the rst joint axis and the end e ector at a height of 0:5 meters is shown in Fig. 7 . The task was thus placed so that P1 was located a distance of 0:9 meters from the rst joint axis since this provided maximumfailure tolerance for this task point. Note that the volume of the self-motion bounding box can be ill-de ned if the manipulator possesses a mix of rotational and prismatic joints. In this case, to provide a unitless measure one can divide each axis of the bounding box by the range of its corresponding joint.
The self-motion surfaces for each of the ve points were then examined using the spiral procedure outlined in section IV. The resulting bounding box data is presented in Table II . To illustrate the bene ts of using the self-motion manifold's volume for task placement, Fig. 8 displays the bounding box for the optimal point P1 along with a representative Cartesian position that has a very poor measure of failure tolerance. If P1 had been placed at a position with such a poor degree of fault tolerance then the task would not have been completable in a failure tolerant manner due to a null intersection of the self-motion manifold bounding boxes.
Next, with the motion of the joints constrained to lie within the combined intersection of the bounding boxes for all the points, it was veri ed that each point could be reached by iteratively solving (4) with the desired velocity being approximated by a position error until a solution was found. Furthermore, within these joint constraints the local measure of failure tolerance, kfm, is optimized to arrive at a unique con guration, an example of which is shown in Fig. 9 . Now, with the constraints imposed, the manipulator is considered to be failure tolerant with respect to this task. To verify this (4) was implemented to trace out the trajectory through the points. Then, the technique was tested by simulating joint failures at random time intervals by locking a single joint. As expected, the manipulator was always able to complete the desired task.
To further demonstrate the advantages of performing the above analysis, consider the point P1 to be a critical workspace Cartesian position, e.g., a tool rest, which the manipulator must reach even after a joint failure. First, the manipulator was moved to a point far away from the critical point without considering the e ects of the joint failure constraints. This con guration is shown in Fig. 10 . The rst joint was then locked and the manipulator attempted to move to P1. It could not reach P1, but the con guration having the minimum position error is shown in Fig. 11 . Next, using the bounding box of the selfmotion surface for the point P1, joint limits were imposed to guarantee the failure tolerance of the manipulator with respect to this position. Then, with the constraints imposed, the manipulator is moved back to the same far away point. The con guration is quite di erent from before (see Fig. 12 ) and it has the property that regardless of which joint fails the manipulator will be capable of reaching P1. To demonstrate this, the rst joint is again locked and the manipulator is commanded to move its end-e ector to P1. This time, as designed, it is able to reach P1 (see Fig. 13 ).
VI. Conclusions
This article has developed an e ective method for insuring that a kinematically redundant manipulator can complete a speci ed task even after experiencing a locked joint failure. This technique is based on analyzing the self-motion manifolds of the manipulator. The bounding box for a self-motion manifold de nes the joint limit constraints that are required in order to guarantee being able reach the corresponding workspace position and/or orientation. The size of this bounding box represents a natural measure of the failure tolerance for this workspace location. It was shown that by imposing a carefully selected set of joint constraints, entire regions of the workspace could be guaranteed reachable even after any arbitrary joint failure. These concepts were illustrated for a PUMA 560 robot that was used for a three-dimensional Cartesian positioning task. . PUMA with its end-e ector at a point far away from the critical point in a con guration that was obtained without considering fault tolerance. Should a joint fail, it will not be able to position its end-e ector at the critical point. Fig. 11 . PUMA with its end-e ector moved from the non-fault tolerant con guration to its closest approach to the critical point after the rst joint has failed. Fig. 12 . PUMA with its end-e ector at the same point as in Fig. 10 but in a con guration within the bounds of the self-motion surface's bounding box associated with the critical point. Regardless of which joint fails in this con guration, it will be able to re-position its end-e ector at the critical point. Fig. 13 . PUMA with its end-e ector moved from the failure tolerant con guration at the far point to the critical point while its rst joint is locked. This demonstrates the failure tolerance of the con guration in Fig. 12 with respect to this critical point.
